I. INTRODUCTION
Observational cosmology, as demonstrated by the recent Planck results, has reached an impressive level of precision that can set constrains on many cosmological models, including inflation [1-3]. However, despite the level of accuracy achieved by Planck, the degeneracy problem of inflationary model building still persists, in that many inflationary models can produce predictions, like for the tensor-to-scalar ratio and for the spectral tilt, that are very similar and compatible with the data. In Ref. [4] the idea of universality classes was suggested as a means to classify a wide range of inflation models, and thus subsumes a large number of them in terms of their salient properties relevant to observation. This approach borrows ideas from the renormalization group (RG) methods of quantum field theory (QFT), such as the concept of flow away from a fixed point, here corresponding to the exact de Sitter (dS) geometry, and the use of an analog to the renormalization group equation (RGE) for the β-function.
The β-function formalism was introduced in Ref. [4] and further developed and extended in Refs. [5] [6] [7] [8] [9] , to identify universality among the wide zoology of inflationary models. This formalism is based on the application of the Hamilton-Jacobi (HJ) approach to cosmology [10] . It relies on a formal analogy between the equation describing the evolution of a scalar field in an expanding background and a RGE of QFT. As will be explained below, this analogy is not coincidental but has underpinnings with holography. In this framework the near scale invariance experienced by the Universe during inflation is interpreted as a departure of the corresponding RGE from a fixed point corresponding to an exact dS spacetime. A single parametrization of the β-function, close to the dS fixed point, thus defines an universality class of models that can be grouped together, sharing a single asymptotic behavior. As a consequence, arbitrary potentials can be classified into a small set of classes according to the behavior of their associated β-function in the neighborhood of the fixed point.
This approach has some direct advantages. First of all, by grouping different potentials into a small set of classes, it significantly reduces the number of relevant cases to consider. Furthermore, as the formalism relies on intrinsic properties of inflation, it is completely general and in particular, it does not assume slow-roll, since for example it has been successfully applied to constant-roll inflation [9] . Finally, as mentioned already, this formalism has deep theoretical motivations arising from the holographic description of the Early Universe (see, for example, Refs. [11] [12] [13] ). Within the (A)dS-CFT correspondence of Maldacena [14] , the flow away from the dS fixed point, which is realized during inflation, is dual to a deformation of the associated conformal field theory (CFT) due to relevant or marginal operators. By applying these methods to describe the early Universe, and in particular inflation, it is both possible to shed a new light on some of its problematic aspects and to provide an alternative interpretation of the observational constraints [15] [16] [17] [18] [19] [20] [21] [22] .
The aim of the present work is to formulate warm inflation in terms of the β-function formalism. Warm inflation [23, 24] differs from the usual paradigm of cold inflation in the fact that dissipative processes can lead to a sustainable radiation production throughout the inflationary expansion. Warm inflation will happen for regimes of parameters such that the inflaton interactions with other field degrees of freedom are not negligible and they generate dissipation terms, such that a small fraction of vacuum energy density can be converted to radiation. When the magnitude of these dissipation terms are strong enough to compensate the redshift of the radiation by the expansion, a steady state can be produced, with the inflationary phase happening in a thermalized radiation bath. There have been many constructions based on particle physics models demonstrating the viability of this special regime of inflation, see, for example, Refs. [25] [26] [27] and for a review, see also Ref. [28] . Recently a first principles warm inflation model was constructed from QFT which involves just a few fields [27] , thus convincingly demonstrating that warm inflation models are on an equal footing to cold inflation as model building prospects. Moreover, the dissipative effects and the presence of a non-vanishing radiation bath are able to change both the inflationary dynamics at the background and at the fluctuation levels [29] [30] [31] [32] [33] [34] [35] [36] [37] , such that there can be distinctive differences between the two paradigms which could be testable. As such, it is useful to understand the dynamical structure of warm inflation through different perspectives, which is a motivation of this paper.
By applying the β-function formalism to warm inflation, we show that there are two intervening characteristic functions regulating the dynamics. One of them is the function already identified in Ref. [4] , which was defined in the cold inflation case, and which controls the way the inflaton drives the departure from the dS fixed point. In the warm inflation context, we show that another function controlling the level of radiation production naturally emerges. By following the evolution of these two functions, we are able not only to fully characterize the dynamics, but also to determine when the end of warm inflation smoothly connect with the radiation dominated regime. Furthermore, these two functions allow us to group different forms of inflationary potentials in certain universality classes. Since this description sets direct control on the dynamics by using parameters which are different from the usual slowroll coefficients, it offers an extremely powerful method to describe the inflationary evolution (and its end) in an independent and novel way.
In this work we make use of the generalized framework offered by the β-function formalism to obtain an analytical understanding of warm inflation. We first show that in some toy models a full analytical description of warm inflation can be derived and then we focus on more realistic scenarios. In particular, we show that it is possible to derive a relatively accurate description of both the weak and strong dissipative regimes. Among the main results of the paper there is the observation that, despite a second functional dependence is introduced, a universal description of inflation, similar to the one of Ref. [4] , can still be consistently formulated. This allows then to study the effect of the various forms of the dissipation terms commonly considered in warm inflation on the classes of universality and on their predictions for the scalar spectral index and the tensor-to-scalar ratio. Remarkably, we show that within the β-function formalism it is easy to identify the degeneracy in the inflationary observables for some models with different dissipation coefficient forms. This work is organized as follows. In Sec. II we give the basic equations describing the dynamics of warm inflation along also the expression of the scalar curvature power spectrum for some representative examples of warm inflation dissipative forms. In Sec. III we describe how the β-function formalism is applied to warm inflation. We provide details on the method and present explicit examples in Sec. IV. The results are presented and discussed in Sec. V. Our concluding remarks and future perspectives are given in Sec. VI. An Appendix is included to provide further useful formulae and present some different inflation classes.
II. WARM INFLATION BASICS
Let us restrict to the case of a single inflaton field with pressure and energy density respectively given by
where V (φ) is the scalar potential. In this case the dynamics of warm inflation at the background level is governed by the equation of evolution for the inflaton field
where Υ is the dissipation coefficient, which in general can be a function of both the temperature and the background inflaton field φ, by the equation for the evolution for the radiation energy density ρ ṙ
and by the Einstein equations (in units of reduced Planck mass
4)
Notice that one of these equations is redundant. Moreover, it would be equivalently possible to use the equation of continuity for the inflaton energy density ρ φρ
In the following, we will be working mainly with the dissipation coefficient ratio Q, defined as Q ≡ Υ/3H. Typically, the study of warm inflation assumes the radiation to be thermalized, i.e.
where g * being the number of relativistic degrees of freedom for the radiation bath. Without knowing the details on the microphysics of the system the condition to attain this situation is normally Q 1. Namely, we require the radiation fields, generically associated with relativistic degrees of freedom, e.g., gauge or other fields, to have at least one interaction mediated by the inflaton in a Hubble time. This is typically the necessary condition for thermalization. However, there could be other mechanisms beyond the radiation fields/inflaton interaction, which can dramatically modify this setup. For example, if the radiation fields are coupled to the standard model (SM), the Schwinger process [38] should provide an extremely efficient mechanism to reach thermalization, see for example Refs. [39] [40] [41] . However, in this work we are not interested in building models where these mechanisms are taken into account and we assume that some process ensures that radiation thermalizes. For a detailed quantification of the thermalization process relevant for warm inflation and done in the context of the Botzmann equation, see, e.g., Ref. [42] . Therefore, we assume Eq. (2.7) to hold. Note also that the specific form for the dissipation coefficient Υ in the above equations can only be determined by the details of the microphysics during inflation. Different forms of dissipation coefficients derived from QFT have been derived explicitly e.g. in Refs. [43, 44] . It is also worth mentioning that warm inflation helps in easing the η-problem [45, 46] since in the strong dissipative regime Q 1 the inflaton mass is larger than H.
A. The scalar spectrum of perturbations in warm inflation
Given the complexity of the warm inflation dynamics, which involves a system of coupled fluids associated with the inflaton and radiation, alongside perturbations, which in general are also coupled [47, 48] , an analytical treatment for the spectrum of perturbations is in general difficult. In what follows, we briefly present this analysis. For a full discussion we send the reader to the Refs. [29, 50] . The dimensionless scalar power spectrum ∆ 2 s (k, τ ) at horizon crossing, meaning kτ = 1 where τ is used to denote the conformal time, is a sum of thermal and vacuum contributions
In the simplest realization of inflation ∆ 2 s,vac (k, τ ) at horizon crossing can be simply expressed as
On the other hand, the thermal contribution in general is something that depends on the microphysics of the model. Nevertheless, it is known that semi-analytical expressions for the full spectrum of scalar perturbations can be derived.
In particular the spectrum at horizon crossing can be expressed as [23, 45, 51] 10) where
is the Bose-Einstein distribution and G(Q) is a function of Q that accounts for the fact that the radiation fluctuations are in general coupled to the inflaton which is thus leading to a growing mode in the inflaton fluctuations [47] [48] [49] . Moreover, the temperature T δφ inside n BE corresponds to the temperature of the inflaton fluctuations and is not necessarily the same as T , corresponding to the temperature of the thermal bath. For a recent discussion based on solutions of the Boltzmann equation relevant during the warm inflation dynamics, see, e.g., Ref. [52] . In the following we assume thermal equilibrium with T δφ = T . Typically, G(Q) reduces to 1 for Q = 0 and in most of the known models it is well approximated by a fraction of polynomials in Q with numerically fitted coefficients [47, 48] . Notice that for Q = 0, which also implies T = T δφ = 0, we recover the usual cold inflation spectrum given in Eq. (2.9) as expected for consistency.
As a matter of fact the presence of radiation is thus inducing a series of modifications in the typical CMB observables, namely n s and r. In particular, we expect two competing effects:
1. The decay of the inflaton into radiation is effectively playing the role of an additional friction term for the inflaton beyond the usual Hubble friction. As a consequence we expect, similarly to [53] , a shift in the point of the potential probed by CMB observations. In particular this effect is expected to produce a decrease of n s and an increase in r.
2. The radiation will play the role of a source term for scalar field fluctuations which induces an amplification in the scalar power spectrum. Indeed, this can be noticed by Eq. (2.10). However, in general we do not expect a similar coupling between radiation and tensor fluctuations. As a consequence this effect induces an increase in n s and a decrease in r.
If thermal effects are already important (or at least not completely negligible) at CMB scales, the first of these two effects happens to be subdominant with respect to the second one, meaning that typically n s is increasing and r is decreasing with respect to the cold case. For completeness, we should mention that an analysis of non-Gaussianities has been performed for warm inflation for the weak and strong dissipation regimes, see, e.g., Refs. [32, 33] . In both cases the predictions are generally in good agreement with the Planck constraints in Ref. [2] .
III. β-FUNCTION FORMALISM AND WARM INFLATION
Let us start this section with a brief review of the main ideas behind the formulation of the β-function formalism for inflation introduced in Ref. [4] . In the simplest realization of inflation, i.e. a single field, with a standard kinetic term and no interactions with other particles, the evolution of the Universe during inflation is completely specified by the system of equations
i.e., by the Einstein equations and the equation of motion for the scalar inflaton φ. In the spirit of the HJ formalism, the solution of this system is assumed to exist and, in particular, the time evolution of the inflaton field φ is assumed to be piecewise monotonic. Under this assumption it is possible to invert φ(t) to get t(φ) and the field can be directly used as the clock describing the evolution of the system. By introducing the so-called superpotential 1 W (φ) ≡ −2H(φ) and using Raychauduri's equation (3.2) we easily obtain thatφ
This equation clearly shows that by exploiting the HJ formalism it is possible to expressφ as a function of φ only. The β-function is then defined as
Notice that, in analogy with the RGE, the scalar field is playing the role of the coupling constant and the scale factor is playing the role of the renormalization scale. Using the definition of Eq (3.5), the equation of state becomes
This equation implies that an exact dS geometry corresponds to a fixed point with β(φ) = 0 and thus a phase of nearly exponential expansion of the Universe is realized by departing from a region where β 1. As a consequence, in the framework of the β-function formalism, a class of models of inflation is defined by specifying the asymptotic parameterization of β(φ) in the neighborhood of a point where β(φ)
1. Moreover while the leading contribution around the fixed point sets the main properties of the universality class, higher order contributions to β(φ), which are negligible in the neighborhood of fixed point, break the universality at different scales.
For warm inflation a model is not only specified by the inflationary potential, but also by the dissipation coefficient ratio Q, which in general is a function of both φ and T . Once these two functions are specified, the evolution is completely determined by the set of equations (2.2)-(2.5). By solving these equations, we can express all the relevant quantities, i.e., H(t), φ(t), Q(t), and T (t), as functions of time. Once again the problem can be studied in the framework of the HJ formalism and, assuming the evolution of φ(t) to be piecewise monotonic, it is possible to compute, at least locally, t(φ) and express all the relevant quantities as functions of the field only.
In analogy with the treatment carried out in the cold case, we introduce a superpotential W (φ) ≡ −2H(φ). Assuming the radiation energy density to be quasi-stable 2 , meaningρ r 4Hρ r , and using the Raychauduri's equation (2.5) we thus obtainφ
By using this equation and Eq. (2.5) we get from Eq. (2.7)
To find the temperature as a function of φ only, Eq. (3.8) needs to be solved for T . Note that since in general Q depends both on T and φ, the solution of this equation might exist only numerically. Then, once T (φ) is known, the dissipation coefficient ratio is expressed as a function of φ only 3 as Q(T (φ), φ) ≡ Q(φ). Note that a different notation, Q, is used here to stress the difference in the functional dependence on φ.
We proceed our discussion by introducing the cosmological β-function as defined in Eq. (3.5), β(φ) ≡ dφ/d ln a = φ/H. Note that the analogy with a RGE still holds. The equation of state reads
Interestingly, Eq. (3.9) shows that an exact dS geometry is again realized in correspondence to the zeros of β(φ) and the phase of accelerated expansion of the Universe stops when (1 + Q)β 2 (φ) is of order one. This is a crucial difference with respect to the cold case in Eq. (3.6). As Q is always positive, the fixed point is only attained by a vanishing β-function, but in general, unless we have β exactly equal to zero, β 2 (φ) 1 is not sufficient to ensure that the Universe is inflating. In particular the Universe may stop to inflate because (1 + Q) β −2 (φ), while β 1. Another original and strictly warm realization of inflation is the case in which, departing from the dS fixed point, β(φ) reaches a constant value smaller than one. In such a scenario, the last part of the inflationary phase is thus driven and, in particular, is concluded by the evolution of Q. As inflation can only be realized for β(φ) 1, its parametrization can still be used to fix the flow in the neighborhood of the fixed point. Once again it is thus possible to use β(φ) to define a set of universality classes as in the cold inflation case.
To make the generalization from cold inflation more evident, let us define
which has the exact same dependence on W as the beta function of the cold inflation, Eq. (3.5). Note that with this definition, the superpotential W can be readily expressed as 11) where the subscript f is used to denote quantities evaluated at the end of inflation. Moreover, using the definition given in Eq. (3.10), it is easy to prove that the equation of state can be expressed as
Again, the fixed point is reached when β CI goes to zero and we see that inflation ends when β 2 CI ∼ 1 + Q. Notice that according to Eq. (3.11) β CI is directly associated with the superpotential and thus with the inflationary potential. This equation makes clear that for Q sufficiently large, the Universe is inflating for β CI 1. In this sense, the dissipation coefficient can be interpreted as a friction term that slows down the evolution of the inflaton field and this is potentially allowing for inflation in regions of the potentials that are steeper than the ones usually considered in the cold case. As already mentioned in the previous section, this could provide a mechanism to ease the η-problem. In order to generalize the universality classes defined for cold inflation in Ref. [4] , in this work we will simply use the β-functions associated with these classes as choices for β CI . We then observe how the different dissipation coefficient ratios will affect the predictions of any classes, this analysis is carried out in Sec. IV and V.
At this point we can translate the quasi-stable assumption of the radiation energy density in the language of the β-function formalism
The validity of this condition has to be checked for each choice of β CI and Q. However it is possible to show that for all the cases discussed in this paper, this assumption is satisfied. The expression of the number of e-foldings N in this formalism reads
where φ f is the field value at the end of inflation, fixed by β
, and the expression of the inflationary potential which is derived by using Eq. (2.4),
As for the physically relevant cases, we expect both β CI and Q to be negligible while the Universe is deep into the inflationary phase, i.e., for large values of N , the parameterization of the inflationary potential is typically mainly determined by the superpotential W (φ). It is worth mentioning that the formalism is not only valid at the background level, but rather it can also be used to describe cosmological perturbations. To grasp a better understanding of the competing influences of β CI and Q during the phase of inflation, it is worth defining the complementary function β T as
Using Eq. (2.7) we express 17) which makes manifest the interpretation of β T . This function captures the amount of radiation produced during warm inflation. In particular, by considering the full equation of state, 18) it is clear that (as T = 0) β T parameterizes the flow from the dS fixed point induced by radiation. Interestingly, using the definitions of β CI and β T we can represent the phase of inflation in a two dimensional plot depicting the departure from the usual cold inflation case. In Fig. 1 the phase of inflation is represented as a trajectory starting from, or close to, the dS fixed point at the origin and reaching the circle of unitary radius, where (1 + Q f )β be directly parametrized by the value of the inflaton field φ, or equivalently by the number of e-foldings N defined in Eq. (3.14) . A motion in the horizontal direction is due to β CI , whereas a vertical motion is an effect of production of radiation. Since we have that 19) we observe that the shape of the trajectory is mostly defined by the dissipation coefficient ratio Q. Note that in these kind of plot, any model of cold inflation is represented as an horizontal line with T β T = 0. Conversely, warm inflation models are expected to be represented as curves departing from this line. As all the inflationary trajectories are expected to end on the solid black line, large values of β f , i.e., for values closer to T f β T f = 0, imply a small radiation contribution to the equation of state at the end of inflation. Conversely, small values for β(φ f ), imply a non-negligible radiation contribution to the equation of state at the end of inflation. Apart from the de Sitter fixed point at the origin, there are two other special points on Fig. 1 . The first is (1,0), where cold inflation usually ends. When a trajectory crosses this point, the Universe stops inflating and it must then enter into the (p)reheating phase. The second point, which is not appearing on our plots, should be (0,2). This corresponds to the Universe being in the radiation-dominated era, i.e. ρ r /(3H 2 ) 1. Notice that all trajectories describing viable cosmological models, which consistently include the evolution of the Universe after inflation, must cross this point. However, since in (0,2) we haveρ r = 4Hρ r , for sure the assumption of quasi-stable radiation must be violated, implying that our treatment cannot be extended all the way up to this point.
A model which touches the solid black line for large (order 1) values of 2π 2 g * /45 T β T , for example the vertical dotted curve in Fig. 1 , implies that the RG flow in the last part of inflation is mainly induced by the radiation. This does not imply that the Universe is dominated by the radiation, but rather that it is rapidly approaching the moment where the transition from inflation to a radiation dominated Universe takes place. Since in these models the radiation energy density at the end of inflation is already sizable and the inflaton kinetic energy is small, an explosive (p)reheating may not be required and the transition from inflation to radiation may be smooth. This has to be checked model by model. Since in warm inflation it is possible to unify the treatment of inflation and (p)reheating, a self-consistant computation of N CM B , the value of N at which CMB observables leave the horizon, could in principle be carried out. However, in order to perform this analysis, we need to study the trajectory until the point (0,2) is reached, which requires to violate the assumption of quasi-stable radiation. As this goes beyond the scope of this work, where required to adopt N CM B = 60 as a representative value.
For completeness the remaining relevant quantities in the description of inflation expressed in terms of the β-function formalism can be found Appendix A, in particular, the scalar-spectral index and the tensor-to-scalar ratio.
IV. APPLYING THE FORMALISM TO EXPLICIT EXAMPLES
In this section we provide a general procedure for computing the predictions in the β-function formulation of warm inflation. In particular, we start by explaining our numerical methods for examining models, and then focus on some special cases that admit an analytical treatment. As already explained in Sec. III, the model is completely specified by fixing a β-function, either β(φ) or β CI (φ), and by a dissipation coefficient ratio Q(T, φ). In order to generalize the classes of universality for cold inflation [4] , we choose to start by fixing a parameterization for β CI (φ). The dissipation coefficient Υ(T, φ) is derived explicitly by QFT methods, see, e.g., Refs. [43, 44] . In this work, we focus on a rather general parameterization for the dissipation ratio Q = Υ/(3H) that is motivated by the previous warm inflation models developed in the literature [25, 27, 30, 43, 44, 55] ,
where C is a constant. This example will also facilitate the illustration of the methodology. When a complete specification of the model is required, i.e. an explicit choice for β CI (φ), for simplicity we will restrict our analysis to the chaotic class
where α is a positive constant. The generalisation to other classes of models can be carried out analogously. In general it is unlikely to have a complete analytical description of the model and therefore numerical methods are required. The procedure we have used to derive numerical solutions is the following: having β CI (φ), Q(T, φ) and an initial guess value for the constant W f , which fixes the normalization of the inflationary potential, as inputs, the value of the scalar field at the end of inflation φ f and the corresponding temperature T f are computed using
where we recognize Eq. (3.8) in second of these equations. They can be recasted as (4.5)
The solution of the above system of equations is obtained by first solving for φ f and then computing T f . The inflaton field then serves as a clock for the evolution of the system. We evolve the field from φ f to φ f ± ∆φ with ∆φ φ f being an infinitesimal step. The sign of the increment is fixed by the position of the fixed point, i.e., whether the value of the field increases or decreases during inflation. At this point the relevant quantities T , Q and N are evaluated at φ f ± ∆φ using Eq. (3.8), the definition of Q and Eq. (3.14), respectively. The procedure is then repeated until the value φ CM B is reached. The latter is defined as the value of φ which gives N (φ CM B ) = N CM B where in this work we assume N CM B = 60 as the value of N at which CMB observables leave the horizon. As a consequence, the evolution is solved for all the scales between the end of inflation and CMB scales. Finally, by comparing the amplitude of the scalar power spectrum with the COBE normalization [1, 3] , it is possible to adjust the constant W f in order to satisfy this constrain. The predictions for the scalar spectral index and tensor-to-scalar ratio are then computed from Eqs. (A8) and (A9) for the values of φ corresponding to N CM B . These quantities can finally be compared with the observational constraints [1, 3].
A. Analytical Methods
In this subsection we focus on some cases where a complete (or partial) analytical treatment can be performed. In order to carry out this treatment we have to 1. Compute φ f and T f , the values of the inflaton field and of the temperature at the end of inflation using Eqs. (4.3); 2. Derive the superpotential and its derivative using β CI and Eq. (3.11);
Compute T (φ) by solving Eq. (3.8) with the dissipation coefficient ratio Q(T, φ) written explicitly in terms of
T and φ. Having T as a function of the field, we can also write Q(T (φ), φ) as a function of φ only;
4. Finally, we express β T as a function of φ using Eq. (3.19).
Note that in general, the third step cannot be carried out analytically for non-trivial forms of the dissipation coefficient. Typically, it is also useful to derive all the relevant quantities as functions of the number of e-folds. For this purpose, we thus compute the number of e-folding N (φ) from Eq. (3.14) and invert it to find φ(N ). Note also that once again we fix the constant W f in order to be consistent with the COBE normalization ∆ 
Constant Q -Full analytical treatment
Let us restrict to the simplest case possible, that of a constant dissipation coefficient ratio Q(T, φ) = Q. We first consider a generic β CI and then restrict to the specific example of the chaotic class specified by Eq. (4.2). For a constant Q, Eq. (3.8) admits the solution
where W (φ) is directly set by Eq. (3.11) . To check the consistency of the model, we can compute ρ r , by substituting Eq. (4.6) into Eq. (3.17),
Interestingly, this can be compared with the result 8) to conclude that, independently on the value of Q, when we approach the dS fixed point, β CI (φ) 1, we always consistently get ρ r ρ φ . To further proceed we need to precise a parameterization for β CI and therefore we restrict ourselves to the case of the chaotic class of Eq. (4.2). In this case, the superpotential and the temperature, respectively, read
For completeness, we also derive, using Eq. (3.15), the potential
where the approximation in the last step relies on φ α, which is valid deep in the inflationary phase. The value of the field at the end of inflation is 12) and the number of e-foldings N as a function of φ reads
which implies
At this point we can also compute β CI (N ), T (N ) and β T (N ), whose expressions are given, respectively, by
(4.17)
Notice that for α = 2 the temperature is constant during inflation. Finally, we fix W f using the COBE normalization and we compute the spectral tilt n s and the tensor-to-scalar ratio r using Eqs. (A8) and (A9). As Q is positive, we expect a slightly increased value of n s and a slightly reduced value of r with respect to the cold inflation case.
Weak and strong dissipative limits
For the general choice of Q(T, φ), Eq. (4.1), an analytical description does not exist in all regimes. However, similarly to the treatment of Ref. [56] , an analytical description of these models can be achieved both in the strong Q 1 and in the the weak Q 1 dissipative limits. In particular, it is possible to derive analytical expressions for Q and T as function of φ only, which we do next.
a. Weak dissipative regime Let us consider the parameterization of Q(T, φ) given in Eq. (4.1). In the limit Q 1 we can immediately use Eq. (3.8) to compute the temperature to obtain 18) and then, by substituting this expression into Eq. (4.1), we find To completely specify the model, we need to substitute an explicit parameterization for β CI . For the example of chaotic class Eq. (4.2), we find that
It is worth to note that this regime can only be attained dynamically for a certain set of values for α, C, n and m. Recall that W f is fixed by the COBE normalization and, thus, it should not be considered a free parameter. In particular, as the chaotic class describes large field models, meaning that inflation takes place for large values of φ, this can only be attained if
It is interesting that since in the chaotic class both the superpotential and the β-function have the form of a power law, the temperature and Q(φ) must have a power law dependence as well. This behavior can actually change for different classes 4 . The dependence of T and Q on φ for some particular choices of m and n are written in Tab. I.
TABLE I: Power-law behaviors of Q(φ) and T (φ) for the chaotic class in the weak dissipative limit.
Dissipation Coefficient Ratio
A graphic representation of these behaviors for particular sets of m and n can be seen in Fig. 3 shown in Sec. V. Assuming that the model stays in the weak dissipative regime (this assumption has to be checked model by model) for the whole period of inflation, we can proceed further with the computation of the number of e-foldings, Having derived Q(φ), T (φ) and φ(N ), we can immediately compute the predictions for n s and r using Eq. (A8) and Eq. (A9). b. Strong dissipative limit Let us follow a procedure for the strong dissipative regime analogous to the one carried out above for the weak dissipative limit. As a first step, we compute the temperature and the dissipation coefficient as functions of φ only, such that we have
Once again, restricting to the chaotic class gives
.
(4.28)
Recall that this regime is only attained for a particular set of values for α, C, n and m and therefore the consistency of the condition Q 1 has to be checked explicitly model by model. The dependence of T and Q on φ for different choices of m and n are presented in Tab. II.
TABLE II: Power-law behaviors of Q(φ) and T (φ) for the chaotic class in the strong dissipative limit.
Once again, a graphic representation of these behaviors can be seen in Fig. 3 shown in Sec. V. Similar to the weak dissipation limit case (in particular see footnote 4), different scalings can be obtained by considering different classes of models, in particular choosing a different parameterization of β CI , which implies different expressions for W (φ). In principle, by assuming that the strong dissipative regime holds during the last 60 e-foldings it could be possible to derive equations similar to Eq. (4.22), however, in most of the cases this would not be physically relevant since we typically want Q 1 at CMB scales.
V. DISCUSSION OF THE RESULTS
In this section we present and discuss the results of the numerical analysis carried out by following the procedure outlined in the previous section. While all the results shown are obtained by considering β CI of the chaotic class, Eq. (4.2), a similar analysis can be performed for any other class 5 , such as the monomial ones, Eq. (A10), the inverse type of potential, Eq. (A12), or the exponential forms, Eq. (A14). Although we restrict to a single choice for β CI , we consider the four different cases introduced in Sec. IV, namely, the constant Q = C, cubic Q = CT 3 /(Hφ 2 ), linear Q = CT /H and inverse Q = C/(HT ) forms of the dissipation coefficient ratio Q.
Let us start by discussing the evolution in the plane (β CI , T β T ), shown in Fig. 2 . The motivation for this kind of plots was explained in Sec. III. As expected, different parameterizations of the dissipation coefficient ratio lead to different inflationary trajectories. Consistently with our expectations, all the curves start from the neighborhood 
FIG. 2: 2D plots to show the evolution of β CI and T β T for different dissipation coefficients. In particular, we show the evolution of models with (from top left to bottom right) Q constant, cubic, linear and inversely proportional to T .
of the dS fixed point (β CI , T β T ) = (0, 0) and end onto the solid black curve, which represents the points in the plane (β CI , T β T ) where inflation ends. One notes that the straight trajectories of the constant case, among which we have the standard cold case with T β T = 0, are perfectly consistent with the theoretical expectations; indeed from Eq. (3.19) we see that (
Interestingly, in many of these models inflation ends with 2π 2 g * /45 T β T = 4ρ r /(9H 2 ) 1. This implies that in these scenarios the amount of radiation present in the Universe at the end of inflation is already sufficiently large to quickly take over the inflaton energy density. As a consequence, already mentioned in Sec. III, these models are not expected to require an explosive (p)reheating to trigger the transition from inflation to the radiation dominated phase. Figure 3 shows the evolution of T (φ) and Q(φ) ≡ Q(φ, T (φ)) for two illustrative cases, given by the values α = 2 and C = 10 5 , with a dissipation coefficient ratio cubic in T and α = 4, C = 2×10 −3 with a dissipation coefficient ratio linear in T . During inflation the field monotonically evolves from large to small values and conversely the dissipation coefficient ratio (top panels of Fig. 3 ) monotonically evolves from small to large values. As a consequence, we expect the models to switch from the weak dissipative regime Q 1 to the strong dissipative limit Q 1 discussed in Sec. IV A 2. We expect the dissipation coefficient Q(φ) to be monotonically growing with φ during the phase of inflation. On the contrary, the radiation temperature T (φ) tends to approach the temperature of the "thermal bath" of the inflaton energy density. As the latter is expected to slightly decrease during inflation, the expected behavior of radiation temperature T (φ) is to be decreasing towards the end of inflation after a possible initial phase of growth. The top and bottom panels of Fig. 3 clearly reproduce these behaviors for Q(φ) and T (φ).
One notes that in both the plots of Q and T , the curves are asymptotically approaching (both for Q 1 and for Q 1) the power law behaviors predicted in Sec. IV A 2. The transition from the weak to the strong dissipative limit appears to be sharper in the Cubic case. This is a direct consequence of the different dependences of Q on φ in the asymptotic behaviors. Hence, the good agreement between theory and numerical simulations confirms the robustness of the numerical methods.
For each model considered, a unique prediction for the scalar-spectral index and the tensor-to-scalar ratio is obtained. Figure 4 shows the evolution of the predictions for n s and r for the chaotic class with different types of dissipation coefficient ratio. As expected, for very small values of Q at CMB scales, the CMB observables are, as expected, matching the predictions of the usual cold inflation case, which in the plots shown in Fig. 4 , are represented by a red star. For larger values of Q the predictions are modified as typically happens in warm inflation. It is worth pointing out that the modification of the predictions, see in particular the linear and cubic cases with α = 4, are qualitatively in agreement with the results of Ref. [51] . The small difference, at around the 1% level, in the predicted values of n s is mainly due to slightly different values of T in the numerical evolution and the chosen value of N CM B used in the present work. As expected, the value of n s increases and the value of r decreases with Q and T and, thus, models which are in tension with (or even excluded by) the Planck constraints in the cold case can be recovered in the warm scenario. The sole exception to this behavior is the cubic case with α = 2 of Fig. 4 . In this case the values of Q and T are small at CMB scales implying that the spectrum is not modified by thermal/dissipative effects. However, as at smaller scales the production of radiation induces a friction that slows down the evolution of the inflaton field, we see, similarly to Ref. [53] , a decrease of n s and an increase in r due to shifting of the point of the potential probed by CMB observables. Interestingly, in the quartic case (α = 4) the prediction for the inverse and the linear dissipation coefficient ratios are degenerate. This is explained by considering the field dependence of Q in the weak dissipative limit. From Tab. I we read that in this regime both Q inverse and Q linear are proportional to φ −2 hence the similarity in the predictions.
We conclude this section by presenting in Fig. 5 Eq. (3.15)) for α = 4 corresponding to some of the cases discussed in this work and some power potentials of the form
Note that the amplitudes are always fixed in order to respect the COBE normalization. For α = 2 the φ dependence is the same as in the well known case of chaotic inflation [57] . As expected, the two sets of curves are perfectly matching for large values of φ, meaning deep in the inflationary phase, where β CI is much smaller than one and the potentials predicted by Eq. (3.15) are well approximated by power laws. Conversely, for small values of φ, higher order corrections induce a deviation in V (φ) from the power law behavior observed at large scales. This type of analysis might be of particular use in the problem of reconstructing potentials in warm inflation [58] .
VI. CONCLUSIONS AND FUTURE PERSPECTIVES
In this work we have discussed the application of the β-function formalism for inflation to the case of warm inflation. We have shown in Sec. III that a consistent treatment of warm inflation can be carried out in the language of this β-function formalism. Interestingly, we have found that despite the presence of an additional functional freedom with respect to the cold case, a universal description still exists. For example, we have demonstrated that models with different functional forms for the dissipation coefficient ratios can give rise to very similar cosmological observables. Moreover, we have shown that this formalism naturally offers an interesting graphical representation of the inflationary phase in terms of bidimensional plots in a plane of the variables (β CI , T β T ), depicting the departure from the usual cold inflation case. A peculiar property of these results is that they provide a clear insight on the Universe energy budget in the last part of inflation, which in turns allows us to infer some of the necessary properties of (p)reheating.
We have also discussed in Sec. IV the definition of both numerical and analytical techniques used to perform a systematic study of warm inflation within this framework. The results of the numerical analysis were then presented and discussed in Sec. V. All the plots show an extremely good agreement between numerical results and theoretical predictions. In particular, we stress the accuracy of the predictions for the power law behaviors of the dissipation ratio Q and temperature T in both the small and large Q limits. These analytical approximations could provide an extremely useful tool for further studies on the topic. For example, by studying the consistency of the conditions Q 1 and Q 1 with the analytical expressions, it is possible to understand at a fully analytical level whether a given model could or could not access the cold or warm regime respectively.
While in this paper our interest was mainly focused on the chaotic class of potential, the generalization of the analysis to different classes would be an interesting subject for future works on this topic and should follow similarly the steps put forward in this work. In particular, as already explained in Sec. IV, different scaling solutions (for small and large Q) are expected to be obtained for different classes. These analyses would be extremely useful in expanding and strengthening our understanding of warm inflation. Moreover, the deepening of our comprehension on the effects of interactions between the inflaton and radiation could result in a definite step towards the formulation of a theory of inflation which is somehow connected with the rest of the fundamental interactions.
Finally, it is worth mentioning that in order to keep a direct connection with previous works on this topic (and also with theory), we always proceeded by first specifying β CI and Q(φ, T ) and then computing T (φ) (and thus Q(φ) ≡ Q(φ, T (φ))) by numerically solving Eq. (3.8). However, it could also be equivalently possible to start by fixing Q(φ) and then identifying the parameterizations of Q(φ, T ) which correspond to this choice. While formally these two possibilities are exactly equivalent, the latter presents some computational advantages and has theoretical interest, namely
• By starting with a fixed parameterization for Q(φ) it could be possible to solve Eq. (3.8) analytically. This implies that it could be possible to provide a full analytical treatment of some models of warm inflation;
• As a single parameterization of Q(φ) corresponds to several parameterizations of Q(φ, T ), by specifying Q(φ) we are not restricting our analysis to a single model but rather to a class of models sharing the same properties. In this sense such an analysis would be more general than the one obtained by specifying Q(φ, T ). Interestingly, the universality which is manifest at the background level is not expected to be broken by quantum perturbations.
In particular this can be directly seen from Eq. (A6)-(A7), where it is manifest that all the quantities appearing in the expressions of the spectra can be directly computed once β CI and Q are specified.
Such an analysis would be an extremely interesting topic for future studies on warm inflation. In particular, it would be interesting to understand how, given a parameterization of β CI , it could be possible to reproduce the usual parameterizations of Q given, e.g., by Eq. (4.1), using Q(φ).
which has exactly the same expression as in the cold case. Finally, we provide the predictions for n s and r, with expressions given by 
It has been a basic feature of the fluctuation-dissipation dynamics, intrinsic to warm inflation, that the tensor-toscalar ratio in general is lower as compared to cold inflation. For the φ 4 model, it was predicted from warm inflation in [45, 49] , well before the CMB data, that this ratio would be lower. Here we present a compact expression for the tensor-to-scalar ratio simply written as the expression that appears for cold inflation r CI = 8β 2 CI (φ) multiplied by a correction factor, the denominator of Eq. (A9). In agreement with the literature [45, 49] and as discussed in section II A this correction term lowers the prediction for r with respect to cold inflation when the dissipation coefficient ratio is of order of unity or when β T is larger than one.
Some additional universality classes
Let us conclude this Appendix by briefly presenting some of the classes introduced in Ref. [4] , starting with the so-called monomial class, where
with α and q being positive constants. This class describes small field models, i.e., inflation take place for φ 1, with
implying that at the lowest order models of this class feature a hilltop potential. We can also consider the so-called inverse class, where
with α and q being positive constants. This class describes large field models, i.e., inflation take place for φ 1, with
implying that at the lowest order models of this class feature an algebraically flat plateau potential. Finally, is the so-called exponential class, where
with α and γ being positive constants. This class describes large field models, with
implying that at the lowest order models of this class feature an exponentially flat plateau potential. 
